Abstract. Let G and H be locally compact, second countable groups. Assume that G acts in a measure class preserving way on a standard space (X, µ) such that L ∞ (X, µ) has an invariant mean and that there is a Borel cocycle α : G × X → H which is proper in the sense of [7] and [9] . We show that if H has one of the three properties: Haagerup property (a-T-menability), weak amenability or weak Haagerup property, then so does G. In particular, we show that if Γ and ∆ are measure equivalent discrete groups in the sense of Gromov, then such cocycles exist and Γ and ∆ share the same weak amenability properties above.
Introduction
Let G and H be locally compact, second countable groups. If H is a closed subgroup of G, it inherits weak amenability properties of G. Conversely, if in addition the homogeneous space G/H is amenable in the sense that L ∞ (G/H) has a G-invariant state, then G in turn inherits weak amenability properties of H: see for instance [1] , [2] , [7] and the recent article [9] .
One way of proving such results is to use a natural cocycle associated to some regular Borel cross-section γ : G/H → G of the canonical projection p : G → G/H. More precisely, we define α : G × G/H → H by α(g, x) = γ(gx) −1 gγ(x) ((g, x) ∈ G × G/H).
Since gγ(x)H = γ(gx)H for all g ∈ G and x ∈ G/H, we see that α(g, x) ∈ H as well.
More generally, assume that G acts in a measure class preserving way on some standard probability space (X, µ). Then a Borel cocycle is a Borel map α : G × X → H such that for all g, h ∈ G, one has α(gh, x) = α(g, hx)α(h, x) for µ-almost every x ∈ X. Notice that H is not necessarily a closed subgroup of G.
The aim of the present note is to prove that weak amenability properties of H are inherited by G when α is a cocycle that satisfies a properness condition in the sense of Definition 1.3 below, and when L ∞ (X) has a G-invariant state. In order to state precisely our main result, we need to recall some definitions from [2] , [3] , [9] , [7] and [8] .
We assume throughout the article that our groups are locally compact and second countable. The definitions of the algebras A(G) and B 2 (G) are reminded in the next section. Definition 1.1. Let G be a locally compact, second countable group.
(1) ( [2] ) We say that G has the Haagerup property if there exists a sequence (u n ) n≥1 of normalized, positive definite functions on G, such that u n ∈ C 0 (G) for every n, and that u n → 1 uniformly on compact subsets of G.
(C 0 (G) denotes the vector space of all continuous functions on G that tend to 0 at infinity.) (2) ( [3] ) The Cowling-Haagerup constant Λ WA (G) is the infimum of all numbers C ≥ 1 for which there exists a sequence (u n ) n≥1 in the Fourier algebra A(G) satisfying: u n B2 ≤ C for every n and u n → 1 uniformly on compact sets, where B 2 (G) denotes the Herz-Schur multiplier algebra of G (see [9] ). Moreover, G is said to be weakly amenable if Λ WA (G) < ∞. (3) ( [9] ) The weak Haagerup constant Λ WH (G) is the infimum of all numbers C ≥ 1 for which there exists a sequence (u n ) n≥1 ⊂ B 2 (G)∩C 0 (G) such that u n B2 ≤ C for every n and u n → 1 uniformly on compact sets. Moreover, G is said to have the weak Haagerup property if Λ WH (G) < ∞.
, and a weakly amenable group has the weak Haagerup property. Similarly, as normalized, positive definite functions are Herz-Schur multipliers of norm one, if G has the Haagerup property then it has the weak Haagerup property and Λ WH (G) = 1. See [9] for a discussion of these properties.
The following definition generalizes the notion of co-Følner groups as in [2] .
, [8] , [11] ) Let G be a locally compact, second countable group that acts in a measure class preserving way on the standard space (X, µ). Then we say that (G, X) is an amenable pair if L ∞ (X, µ) has a G-invariant state.
Finally, let α : G × X → H be a Borel cocycle. The following is essentially taken from [7] ; see also [9] . We need first to fix some notation: let A ⊂ X be a Borel set and let L be a compact subset of H; we denote by K(A, L) the set of all elements g ∈ G for which µ(X A (g)) > 0, where
As mentioned above, it is motivated by the case where H is a closed subgroup of G that we present in detail now. Choose a regular Borel cross-section γ : G/H → G for the canonical projection p : G → G/H, i.e. γ is a Borel map such that p(γ(x)) = x for every x ∈ G/H and such that, for every compact set K ⊂ G,
Moreover, for every compact set C ⊂ G/H, there is a compact set C 1 ⊂ G such that C = p(C 1 ). Then it is straightforward to see that γ(C) is precompact for every compact set C ⊂ G/H.
Recall that the associated cocycle α is defined by
Then one has:
As G and G/H are in particular σ-compact, we see that the cocycle α satisfies the next definition. Definition 1.3. The cocycle α : G × X → H is proper if it satisfies the following two conditions:
(i) for every Borel set A ⊂ X, for every ε > 0 and for every compact set
For every compact set L ⊂ H and every ε > 0, there exists a Borel set A ⊂ X such that µ(X A) ≤ ε and K(A, L) is precompact.
We observe first that properness of α is independent of the chosen probability measure. Lemma 1.4. Let α : G × X → H be a proper cocycle with respect to the probability measure µ on X, and let ν be an equivalent probability measure on X. Then α is proper with respect to ν.
Proof. This follows immediately from Theorem 6.11 of [10] : as ν is equivalent to µ, it follows in particular that for every ε > 0, there exists θ > 0 such that, if B ⊂ X is Borel and if µ(B) ≤ θ, then ν(B) ≤ ε.
Before giving examples of such cocycles, let us state our first main result: Theorem 1.5. Let G and H be locally compact, second countable groups, let G act on some probability space (X, µ) so that (G, X) is an amenable pair, and let α : G × X → H be a proper cocycle.
(a) If H has the Haagerup property, then so does G. (b) If H is weakly amenable group then so is G, and
(c) If H has the weak Haagerup property, then so does G, and
As we will see, the proofs of the three statements rely on the same techniques, and they will be given in the next section.
As promised, here are examples of proper cocycles. Example 1.6. Every cocycle α described below is proper.
(1) Let G and H be locally compact, second countable groups and assume that σ : G → H is a continuous homomorphism with compact kernel, and let (X, µ) be an arbitrary standard probability G-space.
More generally, let G and H be as in Example (1), let G 0 be a closed subgroup of G and assume that σ : G 0 → H is a continuous homomorphism with compact kernel. Choose a regular Borel cross-section γ : G/G 0 → G for the canonical projection and a quasi-invariant probability measure ν
with the product action and define α :
This case generalizes the situation where H = G 0 is a closed subgroup of G. (3) Let π : P → B be a (metrizable, locally compact) topological principal fiber bundle with coutable structure group H, and assume that a locally compact, second countable group G acts continuously on P so that the G-action commutes with the H-action. Using a bounded measurable cross-section for π, we get a trivialization of P ∼ = H × B which preserves precompact subsets. Then the corresponding action of G on H × B is given by
where α is a Borel cocycle. If the action of G on P is proper, then α is a proper cocycle.
As will be proved in the last section, an important fourth family of pairs of groups that give rise to proper cocycles is the family of pairs of countable, discrete groups Γ and ∆ that satisfy Gromov's notion of measure equivalence. We recall the latter from [4] : Definition 1.7. We say that Γ and ∆ are measure equivalent if there exist commuting, measure-preserving, free actions of Γ and ∆ on some infinite measure standard space (Σ, σ), such that Γ and ∆ both admit fundamental domains with finite measure. (For convenience, we denote the action of Γ on the left and the action of ∆ on the right.)
Measure equivalence is a weak form of orbit equivalence: see [5] , Section 3. Let us generalize it slightly as follows. Definition 1.8. We say that Γ and ∆ are amenably measure equivalent if there exist commuting, measure-preserving, free actions of Γ and ∆ on some infinite measure standard space (Σ, σ), such that the pairs (Γ, Σ/∆) and (∆, Γ\Σ) are both amenable pairs. Example 1.9. Let Γ and ∆ be discrete subgroups of the same locally compact, second countable, unimodular group G such that the homogeneous spaces G/Γ and G/∆ both have G-invariant means, i.e. the pairs (G, G/Γ) and (G, G/∆) are amenable. Then Γ and ∆ are amenably measure equivalent groups.
As claimed above, amenably measure equivalent groups give rise to proper cocycles, so that Theorem 1.5 will be used to prove our last result. 
Let us discuss instances where Theorem 1.10 applies in the context of semidirect products. Let A be an amenable, countable group. If it acts on some group Γ, then it is easy to see that Γ and Γ ⋊ A are amenably measure equivalent.
The fact that Γ and Γ ⋊ A have simultaneously the Haagerup property and that their constants Λ WA and Λ WH coincide is already known: it follows respectively from [2] , [7] and [9] .
Next, let us assume that the amenable group A is on the other side: let θ : ∆ → Aut(A) be an action of the countable group ∆ on A, and consider the following action of the semidirect product group Γ := A ⋊ θ ∆ on A:
for all a, b ∈ A and all δ ∈ ∆. Then we have: Proposition 1.11. Let A, ∆ and θ be as above and assume that there exists a sequence (F k ) k≥1 of finite subsets of A such that, for all (a, δ) ∈ Γ Proof. Take Σ = A × ∆ with counting measure. The action (on the left) of Γ = A ⋊ ∆ is defined by multiplication in the semidirect product, namely
and the action of ∆ (on the right) is given by (a, δ) · δ ′ = (a, δδ ′ ). Then Γ\Σ is the one-point space and Σ/∆ is isomorphic to A as a Γ-space. The amenability of the pair (Γ, A) implies that Γ and ∆ are amenably measure equivalent.
Let us illustrate Proposition 1.11 by an example. Let also h : ∆ → Q be a homomorphism of some group ∆. With these data, define an action θ of ∆ on A by
As each automorphism θ δ is inner, (A, ∆, θ) fulfills the conditions of Proposition 1.11: indeed, since A is amenable, the direct product group A × A is as well, and the action (a, b)
Remark also that s • h is not a homomorphism in general, thus Γ := A ⋊ θ ∆ is not isomorphic to the direct product A × ∆.
Proof of Theorem 1.5
Let G and H be locally compact groups; we assume that they are second countable even if definitions below make sense for arbitrary locally compact groups.
The Fourier-Stieltjes algebra of G is the set of all coefficient functions of unitary representations of G, thus, for every u ∈ B(G) there exists a unitary representation (π, H) of G and two vectors ξ, η ∈ H such that u(g) = π(g)ξ|η for every g ∈ G. It is a Banach algebra with respect to the norm u B = inf ξ η where the infimum is taken over all representations of u as above.
The Fourier algebra of G is the set of all coefficient functions associated to the left regular representation λ of G (which acts on L 2 (G)). It is the norm closure of the algebra of compactly supported continuous functions C c (G) ∩ B(G) in the algebra B(G).
A Herz-Schur multiplier of G is a continous function u : G → C for which there exists a separable Hilbert space H and two bounded, continuous functions ξ, η : G → H such that
It turns out that the set B 2 (G) of all Herz-Schur multipliers on G is a Banach algebra with respect to the pointwise product and to the norm
where the infimum is taken over all representations of u as above.
Assume from now on that G acts in a measure class preserving way on a standard probability space (X, µ) and that α : G×X → H is a (not necessarily proper) Borel cocycle.
We denote by (g, x) → χ(g, x) the Radon-Nikodym derivative related to the action of G on X and characterized by
It satisfies the cocycle relation:
for all g, h ∈ G and µ-a.e. x ∈ X. Taking f = 1 X , we have:
For future use, let us observe that for every g ∈ G and every Borel set B ⊂ X, one has, by Cauchy-Schwarz Inequality:
The proof of Theorem 1.5 relies on two auxiliary results.
(a) If u ∈ B 2 (H) is a Herz-Schur multiplier on H, thenû ∈ B 2 (G) and û B2 ≤ u B2 . If furthermore u is positive definite, so isû.
Proof. (a) There exist a separable Hilbert space H and bounded, continuous functions ξ, η : H → H such that
One has for every g ∈ G:
Similarly, η ∞ ≤ η ∞ . We are going to prove that, for all g, h ∈ G, one has:
It turns out thatû is a continuous function on G by Appendix C of [9] (even thougĥ ξ andη are not necessarily continuous).
Observe that the cocycle relation α(gh, x) = α(g, hx)α(h, x) for all g, h ∈ G and for µ-a.e x ∈ X implies that
and similarly
for all g, h ∈ G and µ-a.e. x ∈ X. Fix g, h ∈ G. One has:
If furthermore u is positive definite, then one can take η = ξ, and it is straightforward to see thatû is positive definite on G as well. (In fact, let (π u , H u , ξ u ) be the Gel'fand-Naimark-Segal triple associated to u. Then, as u(h) = π u (h)ξ u |ξ u for every h ∈ H, we see that the function
We assume without loss of generality that u ∞ ≤ 1. By part (a), we already know thatû belongs to B 2 (G).
Fix g ∈ G K. One has:
(c) The assertion is similar to that contained in Proposition 2.8 of [7] , but we give a proof for the sake of completeness. We have to prove thatû is in the norm closure of C c (G) ∩ B(G) in the Fourier-Stieltjes algebra B(G). Thus, let us assume that u(h) = λ(h)ξ|η with ξ, η ∈ C c (H). Then it is straighforward to check that
where λ α is the unitary representation of G on
Henceû is a norm limit in B(G) of functions of the form
If g / ∈ K(A, L), the latter being compact in G, then µ({x ∈ A ∩ g −1 A : α(g, x) ∈ L}) = 0 by Definition 1.3 and this implies thatû A (g) = 0.
Assume now that (G, X) is an amenable pair. Denote by β the action of G on L 1 (X, µ) given by
Since the set of normal states is weak* dense in the set of all states of L ∞ (X), the amenability of (G, X) is equivalent to the existence of a sequence (f n ) ⊂ L 1 (X, µ) such that (1) f n ≥ 0 and f n 1 = X f n (x)dµ(x) = 1 for every n;
(2) for every compact set K ⊂ G,
Lemma 2.2. If the pair (G, X) is amenable, then there exists a sequence of probability measures
(a) µ n is equivalent to µ for every n; (b) for every compact set K ⊂ G,
as n → ∞, where χ n (g, ·) denotes the Radon-Nikodym derivative relative to µ n .
Proof. Let (f n ) be a sequence in L 1 (X, µ) as above. Adding the constant function 1 n 1 X to f n and renormalizing if necessary, we assume that (f n ) satisfies conditions (1) and (2) above, and that there exists a constant c n > 0 for every n such that f n ≥ c n for every n. Define µ n by
isometrically, and we have for f ∈ L ∞ (X, µ), g ∈ G and n ≥ 1:
This implies that
for every g ∈ G and every n. Let K be a compact subset of G and ε > 0. There exists N > 0 such that
for every n ≥ N , so that we get for g ∈ K and n ≥ N :
Proof of Theorem 1.5. We are going to prove statement (c) of Theorem 1.4. The proofs of (a) and (b) are special cases that will be discussed briefly afterwards. Thus let us assume that H has the weak Haagerup property. Fix C > Λ WH (H), K ⊂ G compact and ε > 0. We are going to prove that there existsû ∈ B 2 (G) ∩ C 0 (G) such that:
Let (µ n ) be as in Lemma 2.2, and let n be large enough in order that
.
By Definition 1.3, there exists a compact subset L of H and a Borel set X(K) such that α(K × X(K)) ⊂ L and
This proves that G has the Haagerup property. Finally, if H satisfies condition (b), if C > Λ WA (H), K ⊂ G compact and ε > 0 are given, choosing u ∈ A(H) with u B2 ≤ C as in the first part of the proof, we getû ∈ A(G) satisfying (1) and (2) above. This proves that G is weakly amenable and that Λ WA (G) ≤ Λ WA (H).
Proof of theorem 1.10
Let Γ and ∆ be measure equivalent groups as in Theorem 1.10 and let (Σ, σ) be a standard infinite measure space on which Γ and ∆ act, the first one acting freely on the left and the second one freely on the right, both actions preserving the infinite measure σ, and such that the pairs (Γ, Σ/∆) and (∆, Γ\Σ) are amenable.
We fix our notation and recall some needed facts from [4] : we choose Borel cross-sections from Γ\Σ and Σ/∆ to Σ, and we denote by Y and X their respective ranges so that
The action of Γ on Σ/∆ is isomorphic to the following action of Γ on X: for each pair (γ, x) ∈ Γ × X, there exists a unique element α(γ, x) ∈ ∆ such that γx ∈ Xα(γ, x). Hence the element γ · x := γxα(γ, x) −1 belongs to X, and the mapping (γ, x) → γ · x defines an action of Γ on X, and α is a Borel cocycle with values in ∆:
Similarly, the action of ∆ on the orbit space Γ\Σ is isomorphic to the following action of ∆ on Y : for each pair (y, δ) ∈ Y × ∆ there exists a unique β(y, δ) ∈ Γ such that yδ ∈ β(y, δ)Y . Then set y · δ = β(y, δ) −1 yδ ∈ Y , so that this defines an action of ∆ on Y on the right, and β is a Borel cocycle for this action, viz
Theorem 1.10 will be a straightforward consequence of Theorem 1.5 for two reasons: the cocycle α is proper as the following lemma shows, and amenably measure equivalence is a symmetric property. Put Z = AF ∩ γ∈K γY . For every δ ∈ F , put Z δ = (Zδ −1 ) ∩ X, so that Z = δ∈F Z δ δ. Finally, put
Then A ε ⊂ Z δ for every δ ∈ F , hence A ε δ ⊂ Z δ δ ⊂ Z for every δ ∈ F , so that This ends the first part of the proof of the lemma. (a2) Let A and K be as stated, and let γ ∈ Γ. If X A (γ) contains some element x, then α(γ, x) ∈ F and γx ∈ AF . It follows that
This implies that there are γ ′ , γ ′′ ∈ K such that γ = γ ′′ γ ′−1 ∈ KK −1 . (b) Using induction on |K ′ |, it suffices to prove the claim for singleton sets. Thus, let A ⊂ X be a Borel set with finite measure, let γ ∈ Γ and let ε > 0. There exists a finite set F ′ ⊂ ∆ such that δ / ∈F ′ σ(A ∩ γ −1 Xδ) < ε.
Then the Borel set A ε := δ∈F ′ A∩γ −1 Xδ is a subset of A such that σ(A A ε ) < ε and γA ε ⊂ δ∈F ′ Xδ.
